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Abstract
This paper introduces a linear independence condition for the fixed point set of (Z2)k-actions
on closed smooth manifolds. Using this condition results can be obtained for such actions without
assuming connectedness.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let k be a positive integer number. Let T : (Z2)k ×Mn →Mn be a smooth action of
the group (Z2)k = {t1, . . . , tk | ti2 = 1 and ti tj = tj ti} on a closed smooth n-dimensional
manifold Mn. It is well known that the fixed point set F of the action T on Mn, i.e.,
F = {m ∈Mn | T (t,m)=m for all t ∈ (Z2)k}
is a disjoint union ⊔h Fn−h of closed submanifolds of Mn. By dimF we denote the
dimension of the highest-dimensional component of F .
In [4] Kosniowski and Stong proved the following result.
Theorem A (Kosniowski and Stong). Suppose (T ,Mn) is an (Z2)k-action on a smooth
closed manifold Mn with the fixed point set F = ⊔h Fn−h satisfying the condition
that each part Fn−h of F is connected. If n > (2k+1 − 1)dimF , then (T ,Mn) bounds
equivariantly.
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We see that Theorem A has a very restrictive condition, i.e., each part Fn−h of the fixed
point set F =⊔h Fn−h must be connected. In fact, the key difficulty for (Z2)k-actions
(k > 1) is the variation in the normal action. This can be clearly seen from the works
of some authors. For example, see [1,2,4,5]. When each part Fn−h of the fixed point set
F =⊔h Fn−h is restricted to be connected, then the variation in the normal action is
avoided.
With the help of a linear independence property (see the definition below), in this paper
we may change the connectedness restriction condition of Theorem A into a more general
case, i.e., each part Fn−h of the fixed point set F = ⊔h Fn−h can be disconnected.
Let {(qiρ2,h, . . . , qiρ2k ,h) | i = 1, . . . , ah} be the normal dimensional sequence set (for the
notation, see Section 2) of the (n−h)-dimensional part Fn−h =⊔ahi=1 Fn−hi (ah  1) with
the Fn−hi connected in F =
⊔
h F
n−h
.
Definition. We say that the (n − h)-dimensional part Fn−h of F possesses the linear
independence property if its normal dimensional sequence set{(
qiρ2,h, . . . , q
i
ρ2k ,h
) | i = 1, . . . , ah}
has the following property (∗): monomials
1∏
ρ =1 α
q1ρ,h
ρ
, . . . ,
1∏
ρ =1 α
q
ah
ρ,h
ρ
are linearly independent in the quotient field of Z2[α1, . . . , αk]. Here for the notation of
αρ , see Section 2.
Note. Linear independence forces the monomials to be distinct, so the elements of the
normal dimensional sequence set must all be different. There is no loss of generality in
assuming Fn−hi connected for a given sequence i . Clearly, if Fn−h is connected, i.e.,
ah = 1, then naturally Fn−h possesses the linear independence property.
Now we may modify Theorem A into the following.
Theorem B. Suppose (T ,Mn) is an (Z2)k-action on a closed smooth manifold Mn such
that each part Fn−h of the fixed point set F =⊔h Fn−h possesses the linear independence
property. If n > (2k+1 − 1)dimF , then (T ,Mn) bounds equivariantly.
For (Z2)k-actions having only isolated points one has
Theorem C. Suppose (T ,Mn) with n > 0 is an (Z2)k-action on a closed smooth manifold
with the fixed point set F consisting of isolated points. Then the fixed point set F possesses
the linear dependence property.
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Throughout this work, all manifolds and (Z2)k-actions are to be smooth. Let [N] denote
the fundamental homology class of the closed smooth manifold N . σi(x1, . . . , xn) denotes
the ith elementary symmetric function
∑
x1 · · ·xi , and
Sω(x1, . . . , xn)=
∑
x
i1
1 · · ·xirr
denotes the usual smallest symmetric polynomial containing the given monomial, where
ω= (i1, . . . , ir ) is a partition of |ω| = i1 + · · · + ir .
2. Proofs of results
First, we state some notations, and introduce the formula of Kosniowski and Stong [4].
Let T : (Z2)k×Mn →Mn be an action of the group (Z2)k being generated by the elements
t1, . . . , tk subject to the relations t2i = 1 and ti tj = tj ti , and F =
⊔
h F
n−h be its fixed point
set. Let Hom((Z2)k,Z2) be the set of homomorphisms ρ : (Z2)k → Z2 = {+1,−1}, which
consists of 2k distinct homomorphisms labeled by ρi, i = 1, . . . ,2k . We agree to let ρ1 = 1,
i.e., ρ1(ti)= 1 for all i . Every irreducible real representation of (Z2)k is one-dimensional
and has the form λρ : (Z2)k ×R→R with λρ(t, r)= ρ(t) · r for some ρ. λ1 is the trivial
representation corresponding to ρ1 = 1. Assuming α1, . . . , αk to be formal variables, let
αρ =
∑{
αi | λρ(ti , r)=−r
}
for λρ an irreducible representation of (Z2)k . In particular, α1 = 0.
For each h, the restriction to each component Fn−hi of Fn−h of the tangent bundle of
Mn decomposes into subbundles under the action of (Z2)k
τM |Fn−hi ∼= τFn−hi ⊕
⊕
ρ =1
νρ,h,
where νρ,h is the subbundle on which (Z2)k acts via λρ , and the subbundle on which (Z2)k
acts trivially is identified with the tangent bundle of Fn−hi . Let qρ,h = dimνρ,h, so that
h=∑ρ =1 qρ,h.
If Fn−h is not connected, then the sequence (qρ2,h, . . . , qρ2k ,h) may vary for different
components, although
∑
ρ =1 qρ,h is always equal to h. With no loss of generality one may
suppose the part of Fn−h with a given normal representation is connected. (If n− h > 0
one may form a connected sum of the components. If n− h= 0 one may cancel pairs of
components. This does not change the (Z2)k-action up to equivariant bordism.) If Fn−h is
not assumed connected one lets Fn−h =⊔ahi=1 Fn−hi , ah  1, where Fn−hi is the part of
Fn−h with a given normal representation (qiρ2,h, . . . , q
i
ρ2k ,h
), and the collection
A= {(qiρ2,h, . . . , qiρ2k ,h) | i = 1, . . . , ah}
of such sequences occurring in Fn−h will be called the normal dimensional sequence set
of Fn−h.
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Now let
f (α1, . . . , αk, x1, . . . , xn)
be a polynomial over Z2 which is symmetric in the set of variables {x1, . . . , xn}. In this
polynomial, if we let the j th Stiefel–Whitney class of Mn replace the j th elementary
symmetric function σj (x)=∑x1 · · ·xj , then the resulting cohomology class evaluated on
the fundamental homology class of Mn is a characteristic number
f (α1, . . . , αk, x1, . . . , xn)
[
Mn
]
. (1)
On the other hand, consider each connected component Fn−hi of Fn−h with the normal
bundle
⊕
ρ =1 νiρ,h. In the polynomial f (α1, . . . , αk, x1, . . . , xn), x1, . . . , xn is replaced by
z1, . . . , zn−h and, for all ρ = 1, variables αρ + ylρ, 1  l  qiρ,h. If we replace the j th
elementary symmetric function in
{z1, . . . , zn−h} by Wj
(
Fn−hi
)=Wj(τFn−hi ),{
y1ρ, . . . , y
qiρ,h
ρ
}
by Wj
(
νiρ,h
)
,
respectively, then the expression
f (α1, . . . , αk, z1, . . . , zn−h, . . . , αρ + y1ρ, . . . , αρ + y
qiρ,h
ρ , . . .)∏
ρ =1
∏qiρ,h
l=1 (αρ + ylρ)
is a class in the cohomology of Fn−hi which may be evaluated on the fundamental
homology class of Fn−hi , thus obtaining a characteristic number
f (α1, . . . , αk, z1, . . . , zn−h, . . . , αρ + y1ρ, . . . , αρ + y
qiρ,h
ρ , . . .)∏
ρ =1
∏qiρ,h
l=1 (αρ + ylρ)
[
Fn−hi
] (2)
which can be considered as an element in the quotient field K of Z2[α1, . . . , αk].
In [4], Kosniowski and Stong gave the following relation between (1) and (2). Note that
such a relation also was given by Kawakubo [3] independently.
Theorem. If f (α1, . . . , αk, x1, . . . , xn) is of degree less than or equal to n, then
f (α,x)[Mn] =
∑
h


ah∑
i=1
f (α1, . . . , αk, z1, . . . , zn−h, . . . , αρ + y1ρ , . . . , αρ + y
qi
ρ,h
ρ , . . .)∏
ρ =1
∏qiρ,h
l=1 (αρ + ylρ )
[Fn−h
i
]


in K .
The proof of Theorem B is similar to that of [4, Proposition, p. 738]. Here we give its
proof for local completeness.
Proof of Theorem B. Recall that for (Z2)k-actions the equivariant bordism class is
determined by the fixed point data, which consists of the fixed point set and the subbundles
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of the normal bundle on which (Z2)k has given representations (see [6]). Therefore, in
order to prove Theorem B, it suffices to show that each connected component of the fixed
point set F with its normal bundle bounds.
Being given a
Fn−h =
ah⊔
i=1
Fn−hi , ah  1,
with each Fn−hi connected, and let
ah⊔
i=1
⊕
ρ =1
νiρ,h → Fn−hi
be the normal bundle to Fn−h in Mn, and
A= {(qiρ2,h, . . . , qiρ2k ,h) | i = 1, . . . , ah}
the normal dimensional sequence set of Fn−h. We suppose inductively that each connected
component of Fn−j with its normal data bounds if n− j > n− h. In order to prove that
for each i the normal bundle
⊕
ρ =1 νiρ,h → Fn−hi bounds, we need merely to show that for
partitions ω = (j1, . . . , jr) and ωρ = (iρ1 , . . . , iρrρ ), ρ = 1, with |ω| +
∑
ρ =1 |ωρ | = n− h,
all the characteristic numbers
Sω
(
Fn−hi
)∏
ρ =1
Sωρ
(
νiρ,h
)[
Fn−hi
]= 0.
As in [4, p. 738, Proposition], choose
f (α1, . . . , αk, x1, . . . , xn)
=
{∑
x
j1
1
∏
ρ =1
(αρ + x1)j1+1 · · ·xjrr
∏
ρ =1
(αρ + xr)jr+1
}
×
∏
ρ =1
{∑
(αρ + x1)i
ρ
1
∏
ρ′ =ρ
(αρ′ + x1)i
ρ
1 +1 · · · (αρ + xrρ )i
ρ
rρ
×
∏
ρ′ =ρ
(αρ′ + xrρ )i
ρ
rρ+1
}
.
Then for each part Fn−j ,
f
(
α1, . . . , αk, z1, . . . , zn−j , . . . , αρ + y1ρ, . . . , αρ + yqρ,jρ , . . .
)
= Sω(z)
∏
ρ =1
Sωρ (y)
(∏
ρ =1
αρ
)s
+ terms of higher degree in z’s and y’s,
where
s = |ω| + r +
∑
ρ =1
|ωρ | +
∑
ρ =1
rρ
 2
(
|ω| +
∑
ρ =1
|ωρ |
)
= 2(n− h).
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Similarly to the arguments of [4, p. 738, Proposition], we have that
∑
j =h


aj∑
i=1
f (α1, . . . , αk, z1, . . . , zn−j , . . . , αρ + y1ρ, . . . , αρ + y
qiρ,j
ρ , . . .)∏
ρ =1
∏qiρ,j
l=1 (αρ + ylρ)
[Fn−ji ]

= 0.
Furthermore, by the theorem of Section 2 we conclude that
f (α1, . . . , αk, x1, . . . , xn)[Mn]
= (
∏
ρ =1 αρ)s∏
ρ =1 α
q1ρ,h
ρ
Sω(z)
∏
ρ =1
Sωρ (yρ)[Fn−h1 ] + · · · +
(
∏
ρ =1 αρ)s∏
ρ =1 α
q
ah
ρ,h
ρ
Sω(z)
∏
ρ =1
Sωρ (yρ)[Fn−hah ]
=
( ∏
ρ =1
αρ
)s

Sω(z)
∏
ρ =1 Sωρ (yρ)[Fn−h1 ]∏
ρ =1 α
q1ρ,h
ρ
+ · · · + Sω(z)
∏
ρ =1 Sωρ (yρ)[Fn−hah ]∏
ρ =1 α
q
ah
ρ,h
ρ

.
Since the highest degree of f (α1, . . . , αk, x1, . . . , xn) in x’s is
|ω| +
∑
ρ =1
|ωρ | +
(
2k − 1)(|ω| + r +∑
ρ =1
|ωρ | +
∑
ρ =1
rρ
)

(
2k+1 − 1)(|ω| +∑
ρ =1
|ωρ |
)
= (2k+1 − 1)(n− h)
< n,
it follows that f (α1, . . . , αk, x1, . . . , xn)[Mn] = 0, and thus
Sω(z)
∏
ρ =1 Sωρ (yρ)[Fn−h1 ]∏
ρ =1 α
q1ρ,h
ρ
+ · · · + Sω(z)
∏
ρ =1 Sωρ (yρ)[Fn−hah ]∏
ρ =1 α
q
ah
ρ,h
ρ
= 0.
Moreover, since the Fn−h possesses the linear independence property, we obtain that for
each i ,
Sω(z)
∏
ρ =1
Sωρ (yρ)
[
Fn−hi
]= 0,
namely, Fn−hi with its normal bundle bounds. This completes the induction, and the
proof. ✷
Remark. It is obvious that if the normal dimensional sequence set
A= {(qiρ2,h, . . . , qiρ2k ,h) | i = 1, . . . , ah}
of a disconnected part Fn−h in the fixed point set F has the property (∗), then the
elements of A are distinct. However, distinct elements need not be linearly independent.
For example, let ah = 2k − 1 and choose
A= {(0,1, . . . ,1), . . . , (1, . . . ,1,0)},
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we have that
1
αρ3 · · ·αρ2k
+ · · · + 1
αρ2 · · ·αρ2k−1
= αρ2 + · · · + αρ2k
αρ2 · · ·αρ2k
= 0,
so
1
αρ3 · · ·αρ2k
, . . . ,
1
αρ2 · · ·αρ2k−1
are not linearly independent.
Proof of Theorem C. Suppose the fixed point set F is formed by m isolated points
∗1, . . . ,∗m. Let{(
qiρ2,n, . . . , q
i
ρ2k ,n
) | i = 1, . . . ,m}
be the normal dimensional sequence set of F . By the theorem of Section 2, choose
f (α, x)= 1 we have
0 = 1 · [Mn] = 1∏
ρ =1 α
q1ρ,n
ρ
[∗1] + · · · + 1∏
ρ =1 α
qmρ,n
ρ
[∗m]
= 1∏
ρ =1 α
q1ρ,n
ρ
+ · · · + 1∏
ρ =1 α
qmρ,n
ρ
,
and thus
1∏
ρ =1 α
q1ρ,n
ρ
, . . . ,
1∏
ρ =1 α
qmρ,n
ρ
must be linearly dependent. ✷
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